A numerical study about the generation of extreme events in lumped Raman fibre amplifier is performed. Evolutions of continuous or pulsed signals are analysed using crosscorrelations, spectra and probability density functions. For pulsed signals, the phase evolution is also explored. Both signal and Stokes cascaded waves are considered.
Introduction
The study of extreme statistics in nonlinear fibre optics is a topic that has recently stimulated much attention. At the end of the year 2007, an article has reported the experimental observation of significant fluctuations in the temporal domain [1] : by spectrally filtering the most red-shifted part of a supercontinuum spectrum generated in a photonic crystal fibre, Solli et al have analysed the statistical fluctuations of the corresponding temporal intensity and found a highly-skewed distribution that strongly differs from the Gaussian shape. By analogy with the typical L-shaped distribution observed for extreme events, the intense and extremely rare outliers of the distribution were named "optical rogue waves". Since then, the subject has become the focus of intense international research in the optical community as evidenced by the large number of studies published in the last five years [2, 3] .
The initial works have focused on the passive propagation of picosecond pulses in photonic crystal fibres and those different studies carried out in the anomalous dispersion regime have highlighted the specific role played by Raman frequency shifted solitons that are also affected by third-order dispersion and resulting pulse-to-pulse interactions [4] [5] [6] . It has also theoretically and experimentally highlighted the importance of the initial stage of modulation instability and confirmed the crucial role of the nonlinear coherent structures such as fundamental solitons [7, 8] , breathers [9, 10] and rational solitons such as the Peregrine soliton [11, 12] .
However, observation of statistics that strongly deviate from a Gaussian distribution is absolutely not restricted to supercontinuum generation and can also be observed in telecommunication applications in the context of transmissions [13] [14] [15] , Raman fibre lasers [16] [17] [18] as well as discrete amplification [19] [20] [21] [22] . More precisely, in this latest field, it has been shown that under certain conditions, statistical distribution of an amplified signal can be strongly reshaped during the amplification process. Examples of this deleterious degradation have been discussed for parametric amplifiers [19, 23, 24] and for Raman amplifiers [20, [25] [26] [27] [28] : in both cases, a quasi-instantaneous gain and a low walk-off between the signal and a partially incoherent pump lead to a dramatic transfer of fluctuations from the pump to the signal in a co-propagating configuration.
In our previous works, we have numerically and analytically described the evolution of a continuous signal in a co-propagating amplifier in the presence of a low walk-off and pump depletion [26] . Using a series of temporal and spectral characterizations, we have experimentally confirmed the drastic consequences of the transfer of intensity fluctuations from the pump to a pulsed signal in a lumped Raman amplifier [27] . We have also shown that an adequate frequency shifted optical bandpass filter can isolate the most extreme structures [25] .
In the present contribution, we rely on a set of numerical simulations to further illustrate the various conclusions we have been analytically, numerically or experimentally drawn in these previous works. We consider both continuous and pulsed signals and using correlations, spectra, probability density functions or eyes diagrams, we stress several important features of the resulting extreme fluctuations. We also discuss the properties of the Stokes cascaded wave that may develop during the amplification process as well as the phase of a high repetition rate pulsed signal. Our paper will be thus organized as follows. We will first present the model and the parameters of the configuration we numerically study. Then, we will more specifically investigate the amplification of a continuous wave in the Raman lumped amplifier. Numerical simulations will be used to provide an accurate and close to complete picture of the temporal and spectral nonlinear dynamics. In the final part of the paper, we discuss the effects of the amplification on the phase and intensity profiles of a 40 Gbit/s signal.
Numerical model and parameters under investigation
During its evolution in a single mode optical fibre, the slowly-varying envelope of the electrical field ψ(z,T) of an optical wave can be described by the extended nonlinear Schrödinger equation [29] :
with β k describing the chromatic dispersive properties of the optical fibre at the signal wavelength (in our configuration 1550 nm), γ the Kerr nonlinear coefficient and α the optical losses. R(t) is the silica response and includes both the instantaneous and the delayed Raman response. The Raman amplifier under investigation is based on a 500-metre highly nonlinear polarization-maintaining fibre (HNLF), with .km -1 . z and T are the propagation distance and the temporal coordinate in a reference frame moving at the group velocity of the wave. ψ(0,T) is the initial field made of the temporal superposition of a linearly polarized pump wave ψ P and a co-polarized signal ψ S which is shifted by Ω = 13.2 THz with respect to the pump wavelength and therefore leads to the maximum gain response : ψ (0,T) = ψ P (0,T) exp (+iΩ T) + ψ S (0,T). In order to investigate the transfer of energy to a cascaded Stokes wave and contrary to [25, 26] , we do not reduce Eq.
(1) to a set of two coupled nonlinear Schrödinger equations. Compared to the widely used models for Raman amplification which rely on a power analysis [30] [31] [32] , the model we implement here is based on the evolution of the scalar electrical field, which enables us to describe the dynamics, both in the temporal and spectral domains and to discuss the evolution of the phase of the pulse. Even if a rigorous modelling of the Raman amplification process in a non polarization-maintaining fibre would require the use of a full-Manakov PMD equations [31] , the comparison between numerics and experiments made in our previous works [25, 26] have shown that model based on Eq. (1) could still provide many insights for a qualitative understanding of the appearance of giant spikes when the polarization of the pump beam is scrambled. The crucial point here is that the pump used in our study is a partially incoherent pump ψ P that we modelled by a random wave whose Fourier transform is Gaussian-shaped with -correlated random spectral phases φ(ω) uniformly distributed between -π and π [33] [34] [35] 
Ω L is the spectral full-width at half maximum (FWHM) of the pump, Ω L = 17.7 GHz, which corresponds in the temporal domain to intensity fluctuations having a minimum temporal FWHM of 25 ps. We will consider in our numerical study an average pump power of 0.5 W, leading to an average gain of 11.2 dB.
Note that, because the spectrum
is -correlated, the wave exhibits fluctuations that are statistically stationary in time [35] . Considering the standard probability density function (pdf) transformation rules (we refer the reader to Ref. [35] for details), one obtains the following expression of the pdf of the pump power P P0 = |ψ P (0,T)| 2 which is well-known for a polarized thermal source [24, 35] :
Compared to previous studies dealing with fluctuations of a few tens of percent of the peak-power of pulses delivered by nanosecond Q-switched laser pumps [21, 32, [36] [37] [38] , such a partially incoherent pump shows much larger deviations. Regarding the properties of the initial signals, two kinds of signals will be numerically investigated. First, we will study the evolution of a purely continuous wave, i.e. a monochromatic wave with an average power of 0.5 mW. Then, we will focus on the evolution of a Gaussian pulse train having a 6.25 ps FWHM and an initial peak-power of 5 mW.
Analysis of the evolution of a continuous seed
We first investigate the evolution of a continuous signal. We have outlined in previous works [20, 26] that a continuous seed evolving in a Raman fibre amplifier with low walk-off between pump and signal experiences a severe transfer of intensity noise from the partially incoherent pump to the signal leading to the generation of rare and intense spikes and significant spectral distortions. Figure (1) illustrates the emergence of such abnormally high intensity events: the intensity profile of the initial pump is plotted on a 4 ns range (Figure 1(a) , subplot 1) and is compared with the resulting intensity profiles at the signal and Stokes wavelengths (Figure 1(b-c) ). One can clearly make out that the amplified signal strongly differs from the initial continuous seed by exhibiting giant spikes. Events with an intensity being four hundred times and three thousand times larger than the average powers are recorded in the signal and cascaded wave respectively. A magnified view of the largest peak (subplots 2) confirms the tight connection between the pump fluctuation and the signal and Stokes cascade waves: they are close to being synchronized and of similar temporal duration. Physically, those extreme events essentially originate from the nonlinear transfer of pump to Stokes relative intensity noise and they do not result from a spontaneous process deriving from quantum noise [31, 39, 40] . Consequently and as discussed in [25, 26] , most of the physics underlying the nonlinear temporal and spectral dynamics can be qualitatively caught by considering a simple transform-limited Gaussian pulse. The existence of extreme events with non-negligible probability is also confirmed by the pdf of the amplified signal at different propagation lengths (results are calculated over a time window of 1.6 µs). Results are plotted in Figure 2 (a) on a log-log scale and are compared with the pdf of the pump power (circles). Several important points can be outlined. First, these signal pdfs significantly differ from the pump one (analytically predicted by Eq. (3)) and are in clear agreement with a linear function when plotted on a log-log scale, consistent with the characteristic power law nature of extreme events. Such an algebraic decay is in agreement with the theoretical considerations developed in [26] or [28] . This algebraic long tail of the pdf reveals the existence of highly probable extreme events, which thus find their origin in the exponential and instantaneous nature of the Raman gain amplification. The exponent of the decay decreases with propagation distance, in qualitative agreement with the 1/z law proposed in [26] . A direct consequence is that the most extreme events have an increasing probability of appearance with the propagation distance. Note however that this pdf should be ultimately limited by the pdf of the pump [26] . This constitutes a major difference when compared to the gigantic amplification reported in counterpumped Raman amplifiers where transient effects may lead to amplified pulses having peaks powers that are orders of magnitude higher than the power of the pump beam [22] .
Whereas powers more than ten times the average power have a probability of 4.10 -5 for the pump, events with a power more than one hundred times the average power of the signal have a probability of occurrence above 7.10 -4 . The pdf of the cascaded Stokes wave (Figure 2(b) ) exhibits similar statistical characteristics so that extreme events can also appear around 1650 nm, as already outlined in Figure 1 . Though the pdf of the pump and signal can be experimentally recorded [24, 28] , this technique unfortunately requires onerous dedicated devices. An indirect but more convenient mean to get an idea of the pump and signal temporal fluctuations is the normalized measure of the intensity autocorrelation function Γ whose general definition reads [35] :
The autocorrelation function is characterized by two quantities: the temporal width of the autocorrelation Σ and the contrast ratio  of the autocorrelation. Σ is the full width at half maximum of the function ( ) lim ( )
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We recall that, for our pump field, which is characterized by Gaussian statistics, the variance of its power fluctuations equals two times its mean power, so that of 2  [33, 35] . Results are summarized in Figure 3 and outline the reshaping of this autocorrelation signal, starting from a continuous wave and evolving to a highly peaked structure along propagation in the fibre. Regarding the autocorrelation contrast  , Figure 3 (a-b) shows clearly that it is far from 1 (i.e., the contrast of a continuous wave). On the contrary, the contrast is very high and clearly different from the contrast 2 of the Gaussian pump, suggesting different statistical properties for the signal and pump waves. Such an increase in the contrast  well above the corresponding Gaussian value simply reflects the existence of highly probable extreme events, as discussed above through the analysis of the pdf. Figure 3 (c) also shows that the contrast ratio of the cascaded Stokes wave is by more than one order of magnitude higher than the signal's one. The temporal width of the signal autocorrelation is close to the pump's one (35 ps, Figure 3d ). However, after a few hundreds of meters of propagation, temporal broadening occurs, which can be explained by the combined impact of the walk-off between the pump and the Stokes wave and a possible gain saturation [26] . We can also make out that the Stokes fluctuations are shorter than the pump or signal fluctuations. In order to further stress the link between the various waves, we have plotted on Figure 4 the crosscorrelations that can be computed between the pump intensity profile and the profile of the amplified signal or cascaded Stokes. Results show a pump-signal cross-correlation peak for which delay increases with propagation distance. Such a feature is linked to the walk-off between the incoherent pump and the continuous seed [25] : from the dispersive properties of the fibre, one can evaluate a walk-off coefficient δ SP = 0.054 ps.m , which leads to an integrated walk-off that evolves linearly with the propagation distance (Figure 4(b) , full black circles). The maximum delay remains comparable with the temporal width of the pump fluctuations so that transfer of intensity noise from the pump to the seed remains effective, as already predicted by a frequency analysis made by Fludger as early as 2001 [41] .
Regarding the pump-cascaded Stokes cross-correlation, we can make out that the temporal position of the maximum of correlation does not follow such a simple rule: based on the pump-cascaded walk-off δ CP = 0.15 ps.m -1 (see grey diamonds line) one cannot infer the result. Indeed, the situation is rather different: whereas the gain on the signal provided by pump acts during the whole propagation in the fibre with a similar strength, the exponential gain experienced by the cascaded Stokes wave is growing along propagation (due to the amplification of the signal that acts as a pump) and is maximum at the output of the amplifier. This explains that the signal and cascaded Stokes wave are close to present similar cross-correlation properties. In both cases, the cross-correlation peaks tend to broaden with propagation under the combined effect of walk-off and depletion. The pump-cascaded Stokes correlation peak is slightly broader than the pump-signal one. Figure 5 shows the signal or cascaded Stokes intensity according to the pump intensity for a delay corresponding to the maximum correlation found in Figure 4 . Given the analytical results of [26] , we got more precisely interested in the logarithm of the intensity of the signal or the Stokes for different distances of propagation. For short distances, the relation between the two quantities is close to being strictly linear. This fully confirms the exponential amplification undergone by the signal: for small propagation distances, the output signal intensity can be known without ambiguity from the pump intensity profile delayed by the integrated walk-off value (that remains in this case very low). This potentially paves the way for an a-posteriori correction of the pump noise as proposed in [42] . However for higher propagation distances and even if the overall shape of the scatter diagram remains linear, the results are much more spread as a consequence of the combination of a higher value of walk-off and gain saturation. For example, we can notice that signal power as high as 10 mW can be recorded even for a zero instantaneous pump. Correction of the amplified signal would be in this case much more complex. Similar conclusions can be drawn for the Stokes wave that presents an increased dispersion of the data plotted on the scatter diagram. We finally got interested in the optical spectrum of the signal and the cascaded Stokes waves. Average spectra obtained at different distances of propagation are plotted on Figure 6 . The input Dirac spectrum is significantly broadened and we can make out that the spectral extension of the spectra is much wider than what could be expected from the temporal duration of the spikes of light (around 25 ps, leading to a Fourier limited spectrum of a few tens of GHz). Such a broadening is here explained by the cross-phase modulation of the intense pump on the continuous seed. In the context of passive propagation, an analytical treatment of the resulting optical spectrum has been proposed by Manassah [43] . Let us also remark that the process involved in the broadening occurring in a single pass element is different from the more complex turbulent-like dynamics that affects the spectral behaviour of Raman fibre cavity [16] [17] [18] . In the present study, spectral expansion is directly related to the initial pump fluctuations [25, 44] and therefore provides an efficient way to outline the fluctuations: a frequency offset optical bandpass spectral filtering is a practical solution to discriminate the most extreme spikes of light in the signal. Let us note that the spectral expansion of the Stokes wave is even larger and that for such a wave, a discrimination strategy based on a narrow frequency offset filter is not required: as outlined in Figure 1(c) , the exponential gain of the cascading process is efficient enough to highlight the most extreme events. 
Analysis of the evolution of a pulsed signal
In this section, we now focus our attention on the evolution of an initial 40-GHz pulsed signal with a temporal width (6.25 ps) below the coherence time of the pump. The goal is here to evaluate the impact of a co-propagating pumping scheme on a discrete Raman amplifier that may be used in the context of new telecommunications windows that cannot benefit from standard erbium doped fibre technologies [45, 46] or in the context of applications that require broad gain bandwidths [47] . Raman amplification can also be exploited to reinforce some nonlinear processings carried out in highly nonlinear elements [48] [49] [50] . In order to limit the consequences of pump depletion and gain saturation, we have used an initial peak-power of 5 mW, i.e. an sub-mW input average power, which is lower than the one we typically consider in [25] . We have numerically considered the propagation of 64 000 pulses that are then encoded by a pseudo random bit sequence. The optical modulator used for this purpose has a finite extinction ratio of 20 dB.
The most intuitive and straightforward way to explore and evaluate signal variations at the output of the Raman amplifier is the observation of the optical eye-diagram as plotted in Figure 7 for selected distances in the amplifier. These eye-diagrams of the Return-to-Zero data stream clearly outline the very large fluctuations affecting both the 1 bits as well as the 0 bits. The poor fidelity of the amplified signal can be readily noticed even after 100 m of propagation. At the amplifier output, the fluctuations are striking and the fully closed eye indicates that the amplified pulse sequence cannot be suitable for transmission anymore. Once again, such large fluctuations have nothing to do with amplified spontaneous emission (ASE) or with multi-interference pattern. As the pulses remain well within their time slot, the fluctuations cannot be attributed to amplitude jitter induced by patterning effects such as intra channel four wave mixing [51] . The observed variations are definitively inherent to the exponential transfer of the intensity noise from the partially incoherent pump to the signal. We have derived the resulting shot-to-shot statistics of the instantaneous optical power that can be recorded at the centre of the pulse, i.e. at the decision time (in our case, according to Figure 7 , T = 0). Pdfs are summarized on Figure 8 (a) both for 0's and 1's bits and for different distances of propagation. As expected, the results strongly deviate from a Gaussian behaviour and are close to an algebraic law [20, 25] . An important and direct consequence is that the assumption of Gaussian statistics required to link the widely-used Q-factor to the bit error rate are absolutely not fulfilled. In other words, in such a configuration, the standard deviation and average values are not sufficient to estimate accurately the level of errors. From our numerical simulations, we can make out that, at the output of the fibre amplifier, events with a peak power 20 times larger than the average power (i.e. above 1 W) can be recorded with a non-negligible probability of 6 10 -3 . Consequently, significant detection errors may appear. In Figure   8 (b), we have estimated the proportion of errors according to the optical decision threshold. Even for the optimum decision level, errors as frequent as one over one hundred are detected at the output of the amplifier, which outlines how prohibitive these fluctuations are. Such a proportion is not affected by the level of initial input power so that even for much lower average input powers, similar degradations are observed. With such a penalty, co-propagating pumping scheme has to be banned in Raman-enhanced optical regenerators [48] [49] [50] . As a direct consequence, it seems hard to combine the advantages of a bidirectional setup such as in [52, 53] with the benefits of Raman amplification. We have also investigated in more details the influence of the intensity noise transfer on the intensity autocorrelation signal. We consider here a purely periodic initial signal, i.e. without any pseudo random bit sequence. Interestingly, the level of the cross-correlation peak between a pulse and its neighbouring pulses can provide relevant information on the amplitude jitter degradation that affects the pulse train on a short time scale [54] [55] [56] . Results are summarized on Figure 9 . The input pulse train exhibits a level of the central peak identical to the level of the cross-correlation peak. This level falls then drastically, which highlights the significant change of amplitude between two successive amplified pulses. Such a behaviour is in full agreement with the various experimental records based on the analysis of a 10 GHz pulse picosecond train and detailed in [27] . Let us stress once again here that due to the breakdown of the Gaussian assumption, the quantitative estimates that can be derived from the analytics developed for example in [54] should be questioned. Using the temporal width of the cross-correlation peak, we can find that there is no significant increase of the timing jitter induced by the amplification process [54] , confirming therefore that the main source of degradation is amplitude jitter. Results dealing with the Stokes wave (Figure 9 (b)) show a very low level of correlation, indicating that extremely large shot-to-shot variations occur. We complement our temporal measurements by performing a spectral radio frequency (RF) analysis of the pulse train. Note that ideally, this data is linked to the autocorrelation signal we have previously described through the Wiener-Khinchin theorem. RF spectra are intensively used to characterize the optical amplifier properties: the measurement of the relative intensity noise (RIN) has indeed become a standard analysis to discuss the performance of optical amplifiers [57] . Other authors have also proposed to extract from the comb-like RF spectrum the amplitude and timing jitters of the periodic signal [58] . However, this latest application is not relevant to the present work as it requires the analysis of a large number of harmonics peaks and as it is based on the strong assumption of small variations having a Gaussian probability distribution, which is clearly not our case. Closer to the context of our study, other works have taken benefit of the degraded RF spectrum and the dependence of the RIN transfer according to walk-off values to evaluate the fluctuations properties of a Raman fibre laser [34] .
Our results are summarized on Figure 10 (a) and clearly exhibit the increasing level of noise contained around the 40 GHz periodic sidebands. Let us note however that compared to the experimental results described in [27] , no additional peaks in the vicinity of the 40 GHz components is observed. Such experimental peaks were linked to the complex modal nature of the emission of the Raman fibre cavity under use [59, 60] which deviates from the simplified assumptions made for modelling the pump wave (our Gaussian optical spectrum with a random phase can be experimentally realized by spectral filtering of an ASE source [19, 24, 28] ). From the RF measurements, no spectral broadening of the comb structure is visible, which confirms that the duration of the pulses after amplification does not radically differ from the input pulse stream. The optical spectrum (Figure 10b ) confirms the dramatic drop of the optical signal to noise ratio (as usually measured in the telecommunication context [57] ), in agreement with the experimental records detailed in [27] . The optical spectra of the cascaded Stokes wave do not exhibit clear 40 GHz components, which is consistent with the results of Figure 9 (b) that have outlined the low correlation between structures delayed of 25 ps. Compared to the RF measurements, we can make out that the expansion of the optical spectrum of the signal is much more pronounced. This suggests that the phase of the pulses is also heavily altered during the amplification process. This is why it is also of interest to wonder if the serious degradations experienced on the intensity profile are reproduced on the phase profile. We have therefore evaluated pdfs of the optical signal phase when measured at the centre of the pulse. Results are summarized on Figure 11 and clearly outline the phase dithering that occurs during amplification: whereas the input signal is here made of pulses having all the same phase, the output pulse train exhibits a distribution of the phase that is widely spread between - and  and that tends to approach a uniform distribution between these two values. These results stress that such lumped Raman amplifier operated in a copropagating pumping scheme are absolutely not suitable for amplification of phase encoded data stream. It is worth noting that the same statistics carried out on the 0's bit of information (i.e. pulses attenuated by 20 dB due to the finite extinction ratio of the modulator) shows a similar spreading of the statistical distribution. Such an observation suggests that selfphase modulation undergone by the pulse train is not the main component of this degradation (which differs from the conclusions of [25] where input pulses were much more powerful). One question that arises is the correlation of those phase degradations with the previously described intensity fluctuations. The constellation diagram provides an efficient way to visualize simultaneously the intensity and phase degradations. Such a diagram obtained at the output of the amplifier is plotted on Figure 12 for two scales of visualization. It points out that the fluctuations are not randomly distributed in the IQ space: the data clearly distribute along a multi-turn spiral. The nonlinear dynamics is therefore different to the one recently reported in [61] and interpreted as random walks and Levy flights in supercontinuums.
hal-00815524, version 1 -18 Apr 2013 In order to confirm this observation, we have plotted in Figure 13 (a) the phase at the instant of detection according to the logarithm of the peak power of the signal pulses. The corresponding scatter plot outlines the strong connection between the phase of the signal and its peak-power. Indeed, as we have already discussed, peak power of the signal pulse is related to the pump fluctuation through an exponential law and the phase is also linked to the pump via the cross-phase modulation through a linear law. Remark that for higher peak powers, the correlation between phase and peak power decreases. Figure  13 (a) also confirms the wrapping of the phase: the apparent uniform distribution of Figure 11 is to be attributed to the 2 phase ambiguity that leads to an overlap of various parts of a broadened and tailed distribution. However, the wrapping ambiguity should be overcome using the aforementioned correlation between phase and peak-power. It is indeed possible to reconstruct the phase and the associated pdf without the ambiguity, as presented in Figure 13 (b). We can then notice that phase shifts as high as 20 rad can be experienced and interestingly, the pdf when plotted on a semi-logarithmic exhibits a linear trend consistent with the linear law linking the pump intensity and the phase induced by cross-phase modulation. 
Conclusion
Based on a set of numerical simulations of the amplification of continuous and pulsed signals, we have presented in this paper an overview of the generation of extreme events in a lumped fibre amplifier pumped by a partially incoherent wave in a co-propagating scheme with a low walk-off value. We have provided some clues for a better understanding of the emergence of rare but intense spikes of light. We have also highlighted the impact on the phase and spectrum of the amplified signal and investigated the generation and properties of the cascaded Stokes wave. The numerical results presented here have confirmed several experimental observations detailed in ref [27] where a set of unconventional methods were used to qualitatively stress the highly damaging impairments of these pulse-to-pulse fluctuations. The very large range of intensity and phase fluctuations prevents the use of the highly nonlinear discrete Raman amplifier pumped in a co-propagating scheme for telecommunication applications. However, the ability of such devices to provide extreme statistics for the intensity or very large fluctuations of the phase may find interesting applications in other fields of optics where signals with non-Gaussian statistics are required.
